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Volume elements of spacetime and a quartet of scalar fields
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Starting with a “bare” 4-dimensional differential manifold as a model of spacetime, we discuss the options
one has for defining a volume element which can be used for physical theories. We show that one has to
prescribe a scalar density. Whereas conventionallw|detgij| is used for that purpose, with;; as the
components of the metric, we point out other possibilities, naneelgs a “dilaton” field or as a derived
quantity from either a linear connection or a quartet of scalar fields, as suggested by Guendelman and Kaga-
novich.[S0556-282098)06518-7

PACS numbgs): 04.50:+h, 02.30.Cj, 04.20.Fy, 12.189g

[. INTRODUCTION fined integrals. If we want, for example, to specifisealar
action functionaW of a physical system,
A fundamental premise is that gravity is intimately inter-
twined with the geometry of spacetime. This geometry is W:J L:fzﬁ
locally characterized by two independent concepts: The con-
cept of a linear connectiofparallel transpojtand the con-
cept of a metriglength and angle measurements then, taking the integral in its conventionélebesgug
Within a gauge approach to gravity the existence of themeaning, the Lagrangian has to be an odd 4-form in order
linear connectiorcan be quite satisfactorily explained by the to make the integral2.1) a scalar. Incidentally, @-form w
principle of local gauge invariandé,2]. In contrast to this, it = 1/p! w; _ipdx'lﬂ ... 0Odx'r is calledevenif it is invari-
is .noy clear how to derlve_ thenetric from some fu'nda}mental ant under a diffeomorphismi —x’((x}) with det@xi/ox’’)
principle. Usually the existence of the metric is simply as-_q |t is calledodd if it changes sign under such a diffeo-
sume_d, sometimes in disguise of a local gauge group Wh'cﬁworphism[4,5,1].
contains an orthogona_ll ;ubgrqup. Therefore it is natu.ral to Now, any odd 4-form can be split into a product of a
ask whether the metric itself is a fundamental quantity,

(2.9

derived quantity, or a quantity which can be substituted b?p-f(?rm (or scalay L and another odd 4-forre. Let us define

some more fundamental field. To investigate this question i& trivial physical system by = 1. Then the integral measures

the main motivation for this article. the volume of the corresponding piece of spacetime:
In physics it is of fundamental importance to integrate

objects on spacetim_e. This req_uires the definit_ion of z.a.vol— VO|ZJE. 2.2)

ume element. We will point out in Sec. Il that this definition

can be done without reference to any metric. Basically, a ~

volume element can be defined on any differentiable maniFor that reasor is called a volume form or, more colloqui-
fold as the determinant of a parallelepiped defined in termglly, a volume elemenoéf spacetime. This quantity can be
of n vectors, ifn is the dimension of the manifold. Then no split again into two pieces.

absolutevolume measure exists. Howeveroportions of As the first piece we have the Levi-Civiin mind. Its
different volumes can be determined. Such a volume elemegomponents;, are, by definitionnumerically invariantun-

is an(odd) density of weight—1. In order to define an inte- der diffeomorphisms. We have

gral, we then need an additional scalar density of weight

Usual physical fields are no densities. Therefore the com- __ i i - Kol
mon practice is to take the components of the metric and to €= 77 €k dX Hdx UdxCdx, 23
build a density according tq|detg;|. But there exist alter-
natives which open the gate to alternative theories of gravi- with €g1,5= 1=invariant.
tation. In this light we will analyze, in Sec. lll, one possibil-
ity, namely the quartet of scalar fields, as proposefBin Consequentlye transforms as arodd 4-form density of
weight —1 (see, e.g.[1], Appendix A, for detailx
[l INTEGRATION ON SPACETIME AND THE VOLUME 1 sgnJ
ELEMENT o AS SCALAR DENSITY €= 3 €= W €, (2.9

We model spacetime as a 4-dimensional differentiable o
manifold, which is assumed to be paracompact, HausdorfiwhereJ=det(x/dx"") is the determinant of the Jacobian ma-
and connected. In order to be able to formulate physical lawgix of the diffeomorphismx'—x’'(x!). We are denoting
on such a spacetime, we have to come up with suitably dedensities by boldface letters.
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If we take the interior productof an arbitrary framee,,
with the Levi-Civitae 4-form density, then we find a 3-form
€, ; if we contract again, we find a 2-for, 5, etc.:

€. =€,le= 57 €apys P 0O70Y?, (2.59

1 P
eaﬁ’ 5=eBJ€a:E Gaﬁ,y(sﬁ 09 , (25b)
€upy =€) l€p=T7 €apysD’, (2.50
Eaﬁyéz e&JEa,By: eﬁJeyJeBJeaJE' (250)

Here, the coframed”? is dual to the framee,, that is,
e,|0P=05%. The (€.€,.€.5.€up,.€apys) TEPrEsent a basis
for the odd form densities of weight 1. It is callede-basis
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00:=|detg;;|.

As soon as a metrig=g;;dx'®@dx is given—the gravita-
tional potential of general relativity—we can defige-.

Alternatively, we can promote the scalar density to a new
fundamental field of nature, compare also the model devel-
oped in[1, Sec. 6. The value of such a densityo can be
viewed as a scale factor of the volume element; see also
[6,7]. Thus, from a physical point of view, it is interesting to
investigate the role of o as a scaling parameter which real-
izes a scale transformation on a physical system.

The possibility to take a metric independent scalar density
10 in place of\/|detgij| in order to build a proper volume
element gives new opportunities to define a concept of scale
invariance. In this context, the fielgor is known as alilaton
field, which becomes non-trivial in the quantum theory after
the conformal(scalg invariance is broken.

In a pure connection ansatz, we prescribmear connec-

(2.9

and can be used to define a metric independent duality ogion I',*=T';,#dx (but no metrig. Define, as usual, the

eration. Instead of lowering the rank of tlets, we can also

increase their rank by exterior multiplication with the co-

frame 9*:
d*le, = + d€, (2.63
e, p=— Oyegt Sp€,, (2.6b
€,y = + O €py— Op€qyt O €qp, (2.60
H€opys= — 0n€pysT Op€ays— O €qpst O5€ap, .
(2.60

For the'e (which is an odd 4-form density of weight),0
formulas analogous to Eqg2.5a—-2.5¢ (2.6a—2.64 are
valid. We have just to add tildes to thes.

Sincee is an odd density of weight 1, we can split the

volume elemen, if we postulate the existence of @ven
scalar densityo of weight + 1, that is,

o' =|J|o.

(2.7

For our purpose herewe postulated aevenscalar density,

since thee in Eqg. (2.1) and the Levi-Civitae in Eq. (2.3) are
both odd. Then, eventually, ER.1) can be rewritten as

~

w=fL=[2 L
odd 4-f.

odd 4-f. scalar

= € o L .
/ N’ N’ o’
odd 4-f. density, even scalar density, scalar
weight —1 weight 41

(2.9

Conventionally, the square root of the modulus of the

metric determinant is chosen as the scalar density

UIn reference[[1], Eq. (A.1.33] we took anodd scalar density
instead, which we also denoted by the same letter

curvature-2-form by

R,=dl',f-T,0r f (2.10
and the Ricci-1-form by
Ric, :=e4|R,”= Ric;,dX'. (2.12)
Then
,0:=\/|det Rig;|, (212

with Ric;; =Ric;,g;*, is a viable scalar density, as first sug-
gested by Eddingtori[8], Sec. 92, compare also Schro
dinger[9] and the more recent work of Kijowski and col-
laborators; se¢10]. Likewise, the corresponding quantity
based on theymmetricpart of the Ricci tensor,

21 Oi= \/ldet RIQIJ)|1 (213

also qualifies as a volume measure. Note thatand , o
may have singular points in such a theory as soon as the
Ricci tensor or its symmetric part vanish. There seems to
exist no criterion around which would prefer, sayg, as
compared to, o. Lately, such theories have been aban-
doned.

In contrast, the non-linear electrodynamicsBafrn-Infeld
[11] with its structurally similar Lagrangianf& maximal
field strength

so=\|del(g;; +F;; /)| - |detg;], (2.14

has been in the focus of renewed interest; [468.

Ill. THE QUARTET THEORY

A further possibility is the introduction of guartet of
scalar fields First, in close analogy to the componeetg,
of the Levi-Civitae, we can define the totally antisymmetric
tensor densityeX' of weight +1. We put its numerically
invariant componeng®*?3= — 1. Then we defing3]
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s0:=— (9107 (3;6V) (90 ?) (216

1 .
T4 € enpcnl(di@™) (90°) () (91¢°),

(3.2
whereA, ... D are indices of interior space. This definition
yields, for the volume 4-form

=40, 3.2
the following relations:
7=de@0de P Ode@0d @
= %EABCDd(pADdQDB[quDCquDD. (3.3
If we introduce the abbreviation
J
dp = Eyt (3.9

then the duality ofl¢” anddg can be expressed as follows:

(3.9

In analogy to the set of Eq$2.5a—2.5¢f we define the 3-
form and the 2-form

de"[dp]= 55 .

Ma=0aln,  7ag=dplna, efc. (3.6
Explicitly they read
-1
NA= ngBCDdfPBDmDCDd(PD, (3.79
_ 1 5
NAB= EL‘ABCDWPCDd(P , etc. (3.70
In analogy to Eqs(2.6a—2.6¢ we have
deNOma=+ Ny, deNOnae=—Nne+ Sy 7a,
(3.9
and so on. We contract E¢.8) and find
— 1 = — 1 . —
n= Zd<P BE/INF 77A:§d<P Onan, etc. (3.9
We differentiate Eq(3.9):
— 1 = _ i
dnp=- ngo Odny, dya=-— §dg0 Odnan, etc.
(3.10
Now, ; as a 4-form, is closed:
dy=0. (3.11)

Providedd¢”+0, we find successively,
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etc. (3.12
Using this information, we can partially integrate E§.9)

and can prove that all these forms are not only closed, but
also exact:

d;A: 0, dﬁs=0,

— 1 — _ 1, —
n=dze Unn|.  ma=d 3¢ Unan|, et
(3.13
Using Eqgs.(3.3) and(3.7a,b, we find
in  — Ina  —
Gdgh A GdpE  AB: etc. (3.19
or, because of E(3.13:
an an,
d FZA: , dF?PAB=O, etc. (3.19

Since the corresponding “forces” vanish too, as can be seen
from Egs.(3.3) and(3.7a,h,

d
I

= etc.,
c?(pB

(3.19

we find an analogous result for the variational derivatives:

on Ona

5(PA 0, 5_(,03_0’ etc. (3.17
Similarly, we have

5y S

W—O, W_ , etc. (318}
and

on S

=0, =0, etc. 3.1
Bgaﬁ ‘sgaﬁ ( 9)

That the volume element is an exact form is the distin-
guishing feature of this quartet ansatz. Under these circum-
stances, the volum@.2) can be expressed, via Stokes’ theo-
rem, as a 3-dimensional surface integral which does not
contribute to the variation of the action functional.

Using Eqg. (2.8) and the volume element3.3) and
denoting  the  gravitational Lagrangian by V
=V(gaﬁ,ﬁa,Qaﬁ,T“,Raﬁ) and the matter Lagrangian by
Lm=Lm(dap, 9% F, ¥,d¥), the actionW reads

W= [(VLo)= [0V +In) = [dx(V+Ln),
(3.20

see Guendelman and Kaganovj&f Note that the 3-forny,

according to Eq(3.13, explicitly readsX==<pND;N/4. If we
add a constank to the scalar Lagrangian, we find

scalar
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f dx(f/+£m+>\)=w+>\f dy. (3.20)

Since the 3-dimensional hypersurface integfgl,x does

not contribute to the variation, the scalar Lagrangian is in-

variant under the addition of a constant.
Variation with respect top” yields the corresponding
field equations

AV+Ly)  d(V+Ly)

Suppose, sei8], thatV andL ,,, do notdepend on the quartet
field at all,

oL,
adg =0 Ggr O

P\Y;
_AZO!

aEm—o 3.2
7o adgn 0 323

then the field equations for the quartet field read

N an
(V+Ly) 07_(pA_d

V+L o =0 3.2
(+m)m—- (3.29

The first term vanishes, sino?z does not depend op” ex-
plicitly; see Eq.(3.16). Then the Leibniz rule yields

~ - 877“
d[(V+Ln) (?d«,o/‘] (3.29
an ~ ~ e a7
Jdp? d(V+Ln)+(V+Ly) df)dap/‘ =0.
(3.15) (3.26
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Providede”# 0 andde”+0, we can conclude that

d(V+L,)=0, i.e., V+L,=const. (3.27

The gravitational field equations following frofy,; and
6T P are not disturbed by the existence @f*. Hence the
usual metric-affine formalism applies in its conventional
form (see[1], for recent developments df13-16), but the
field equation(3.27) for the scalar field quartet” has to be
appended. Perhaps surprisingly, it is only one equation since,
in addition to Eqs(3.18 and(3.19, we trivially have

57

5n
sr P =0,

5Faﬁ =0, etc.

(3.28

IV. CONCLUSION

We transparently displayed the necessary structures for
building up a volume element and pointed out several physi-
cal alternatives to the usual metric volume element, giving
rise to different gravity theories. Within the framework of
metric-affine gravity we can reproduce the essential features
of the Guendelman-Kaganovich theory without the necessity
to specify the gravitational first-order Lagrangian other than
by the property(3.23
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